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AcuMiiTOTHKa co6cTBeHHbix 3HaneHHH 3a,z];aHH Bbicinero 
neTHoro nopa^Ka c ^HCKpeTHbiM caiviono^oSHbiM BecoM 

A. A. Bjia,a,HMHpoB, H. A. IIIelinaK 

Ahhotalj,H5I. B CTaTte iiayiaeTCH Bonpoc 06 rchmiitotpikg cneKTpa rpaHiiHHOii 3a,naHH 

(_l)» v (a«)_A w = > 
y( fc )(0) = = 0, 0<fc<n, 



b cjiynae, noiyja nopaflOK 2n ypaBHGHHH yflOBjieTBopaeT HepaBCHCTBy n > 1, a Bee p 6 VT 2 1 [0, 1] 
irpeflCTaBjiaeT co6oii o6o6m,eHHyio npoii3BOflHyio caMonoflo6Hoft cpyHKi^Hii P G £2(0, 1] HyjieBO- 
ro cneKTpajibHoro nopaflKa. 



<N 

1— 1' § 1. BBefleHHe 

Ph ' 

1. U,ejit>io HacTosmeH cTaTtn aBjiaeTcs pacnpocTpaHeHHe pe3yjibTaTOB pa6c-TBi [lj o cneKTpajib- 

HBIX aCHMIITOTHKaX rpaHHHHOH 3a^aHH 

-y" - Xpy = 0, 
y(0) = 2/(1) = 0, 

T— I ■ 

r^e Bee p e [0, 1] npe^cTaBjiaeT co6ofi o6o6meHHyio npoH3BO^Hyio caMono^o6Hofi cpyHKHHH 
P G ^[0, 1] HyjieBoro cneKrpajiBHoro nopaflica, Ha cjiynaH rpaHHHHoft sa^ann 

»n; (1) (-i)V 2n) -A P2 / = o, 

o\ 
o 
o 



(2) y( fc )(0) = y {k \l) = 0, 0O<n, 



OTBeHaiomeH TOMy ace Kjiaccy BecoBbix cpyHKHHH npn n > 1. Hcnojib3yeMaa b HacTOHmeii 
CTaTbe TexHHKa b ochobhom coBna^aeT c pa3BHTOH b pa6oTe [I]. 3to, o^HaKo, He o3HanaeT, 
hto nepexofl ot nacTHoro cjiynaa n — 1 k o6in;eMy hocht hhcto MexaHHHecKHft xapaKTep. 
,H,onojiHHTejiBHBie TpyzniocTH, B03HHKaK)in;He b 3aflane bbichihx nopn^KOB (b OTjinnne ot cjiynaH 
3a^,aHH IIlTypMa-JlHyBHjijis), 6ynyT yxasaHbi HaMH ^ajiee. 

Ha npoTHJKeHHH Bcett CTaTBH mbi pe3epBHpyeM chmboji n fljia o6o3HaHeHHH nojiOBHHbi no- 
pH^Ka ypaBHeHHH (jlj). 



2. CTpyKTypa CTaTBH HMeeT cjie^yioiixHH bh,h;. B g2 npHBcyrarca: Heo6xo^HMBie fljia ^ajiBHefi- 
niero cBe^eHHH o caMono^oGHbix cpyHKUHax HyjieBoro cneKTpajibHoro nopa^Ka. B §_3 ^aeT- 
ch onepaTopHaa TpaKTOBKa 3a^anH [T|([T]) , [IKE]) h ^oKa3biBaioTCH HeKOToptie BcnoMoraTejiBHbie 
yTBep>K^;eHHH. B |§ 4| ycTaHaBjiHBaioTcg ocHOBHBie pe3yjibTaTBi 06 acHMnTOTHKe cneKTpa 3a^anH 
ECQhUKE]). HaKOHeu,, b |§ 5| o6cy>K,ri;aeTcg KOHCTpyKTHBHBiH xapaKTep nojiyHeHHBix pe3yjiBTaTOB, 
a TaKJKe npHBo^HTca HjijiiocTpHpyionpie sth pe3yjibTaTBi HTorn HHCJieHHtrx 3KcnepHMeHTOB. 



^ Pa6oTa noftnepjKaHa POOH, rpam N°- 10-01-00423. 

1 



2 



§ 2. KBa^paTHHHO cyMMHpyeMwe caMono,a,o6Hi>ie (py HKL i, HH HyjieBoro 

cneKTpajii>Horo nopsiflKa 

1. IlycTb 3acJ)HKCHpoBaHo HaTypajitHoe hhcjio N > 1, h nycTB BemecTBeHHBie Hucjia a k > 0, 
h c4, r^;e A; = 1, . . . N, ynpBjieTBopaioT paBeHCTBy 

N 

k=l 

YKa3aHHOMy Ha6opy HHcan mojkho nocTaBiiTB b cooTBeTCTBiie HenpepBiBHoe oTo6pa>KeHHe 
G:L 2 [0,1] ^L 2 [0,1] BH^a 

AT 

(1) G(f) ^ Yl (A • X^-x^) + 4 • GfcC/)} , 

fc=i 

r^e HcnojiB30BaHa cjieflyiomaH cuMBOJiHKa: 

1°. Hepe3 «fc o6o3HaHeHBi HHCjia «o ^ h a k ^ a/c-i + a* n P H k = 1, . . . N. 

2°. Hepe3 %a o6o3HaHeHa xapaKTepiicrHHecKaa: cpyHKnria: HHTepBajia A, paccMaTpiiBaeMaa 

KaK 3JieM6HT IipOCTpaHCTBa L/2[0, 1]. 

3°. Hepe3 r^e k = 1,...N, o6o3HaHeHBi HenpepBiBHBie jiHHefiHBie oTo6pa>KeHH3 
b npocTpaHCTBe Z/2[0, 1], ^eftcTByroiniie Ha npon3BOJiBHO cpHKCiipoBaHHyio (pyHKUHio 
/ G L 2 [0, 1] corjiacHO npaBHjiy 

f((x - a k -i)/a k ) npn x G (a k -i,a k ), 
HHane. 



[G* (/)](*) 



OTo6pa>KeHH5i BH^a ([T]) 6yzryT ,n;ajiee Ha3BiBaTBC5i onepamopaMU nodo6un. HivreioT MecTO cjie^y- 
roiHHe flBa npocTBix (paKTa: 

1.1. fleucmeymv^uu e npocmpancmee L 2 [0,1] onepamop nodo6un G fieJinemcH CMCUMamvu^UM 
e moM u moAbKo moM cAyuae, nodda eunojiUHemcs nepaeeucmeo 

N 

(2) J2a k \d k \ 2 <l. 



k=l 



1.2. Ecau eunoAHHemcsi Hepaeencmeo l^j, mo peiuenue f G ^[0, 1] ypaeneuuH G(f) = f 
cyu^ecmeyem u eduHcmeenno. 

OyHKUHii, y^oBjieTBopaioiHHe ypaBHeHHio G(f) = f c HexoTopBiM oKHMaiomuM onepaTo- 
poM no^o6n5i G, mbi 6yn,eM Ha3BiBaTB aaiaiuHuo caMonodo6nuMU, hjih npocTo caMono^;o6HBiMH. 
Onpe^ejiaioiiiHe onepaTop G nncjia a k , (3 k h d k , r,a,e k — 1, . . . N, mbi 6yn;eM npn stom Ha3BmaTB 
napaMempaMU caMonodo6ufi (pyHKiTHH /. 

2. HeTpiiBiiajiBHaJ^l caMonoiio6Hag (pyHKiiiis: Ha3BiBaeTca tpyHKiriieii" nyAeeoso cnenmpaAbHoso 
nopfidna, ecjiii ee napaMeTpBi caMono^o6H5i ynpBjieTBopaioT cjie^yronniM A B Y M ycjioBnaM: 

1°. Cpe^n HHceji /3 k , r^e k — 1, . . . N, no MeHBuien Mepe o^ho otjihiho ot hjjis. 

2°. Cpe^H nnceji d k , r^e A; = 1, . . . N, b tohhocth o,h,ho otjihiho ot nyjrn. 



J ) To ecTB He aBjiHiomaHCH KycoiHO-nocTOHHHOH c KOHenHbiM hhcjiom TO^eK pa3pbiBa. 
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B ^ajibHefiinHX paccyac^eHnax o caMonqno6H£.ix (pyHKirHsx HyjieBoro cneKTpajiBHoro no- 
paflica nepe3 m mm GyneM o6o3HaTaTB HaTypajiBHoe hhcjio m G [1,-/V], ynoBjieTBopaio- 
mee cooTHoineHHio d m 7^ 0. HepaBeHCTBo [UflS]) npn stom npeBpamaeTca b HepaBeHCTBo 
0"m\dm\ 2 < 1, H3 BBinojiH6HH5i KOToporo c oHeBH^HocTBio cjie,n;yeT TaK>Ke BBinojmeHHe Hepa- 
BeHCTBa a^~ l \d m \ < 1. 

3. Bojiee no,npo6HBie cBe^eHmi o KBa^rpaTUHHo cyMMnpyeMBix caMono^,o6HBix (pyHKnTiax MoryT 
6biTb Hafi^eHBi b pa6oTax [2 ] , [3 ] . 

§ 3. OnepaTopHaa TpaKTOBKa sa^anH h HeKOTopbie BcnoMoraTejitHbie 

yTBepac,zi,eHHa 

o 

1. Hepe3 fj mbi ,n,ajiee 6yzreM o6o3HaHaTB npocTpaHCTBo CoGojieBa W^O, 1], cHa6>KeHHoe cxa- 
jiapHBiM npoH3Be^eHHeM 

1 

(y,z) ^ y y {n) ~^dx. 


Hepe3 ^' mbi npn stom 6yn;eM o6o3HaHaTB npocTpaHCTBo, ^BoficTBeHHoe k ij othochtcjibho 
L 2 [0, 1], to ecTB nojiyuaeMoe nonojiHemieM npocTpaHCTBa L 2 [0, 1] no HopMe 

\\y\lff ^ sup 

ll*ll*=i 

Henocpe^CTBeHHO H3 onpe^ejieHHH npocTpaHCTBa $)' BBiTexaeT bo3mo>khoctb HenpepBiBHO- 
ro npo^;oji>KeHH3 conpaxceHHoro k onepaTopy BjioaceHna J : — > L 2 [0,1] onepaTopa 
J* : L 2 [0, 1] — )■ S) ,a;o H30MeTpHH J + : j}' — )■ .fj. 

AHajiornuHo ncnojib30BaHHOH b pa6oTe [1] TpaKTOBKe sa^auH IIlTypMa-JiHyBiijijiH, b xa- 
uecTBe onepaTopHoft Mo^ejin 3a^auH [§j][I](IT|), |§ lf JflZ]) mbi 6yn;eM paccMaTpiiBaTB jiHHeftHBift 
nynoK T p : C — > B(Sj,Sj') orpaHnueHHBix onepaTopoB, y^oBjieTBopaioiiiiiH TOJK^ecTBy 

1 

(1) (VA G C) (Wy G fj) (J+T p (\)y,y) = J (\y^\ 2 + XP ■ (\y\ 2 )') dx. 



Hepe3 P 3^ecB, xax 11 paHee, oGosHaueHa KBa^rpaTiiHHo cyMMnpyeMaa o6o6m;eHHaa nepBooG- 

o 

pa3Haa BecoBofl cpyHKUHH p G "^O, !]• 

2. Hepe3 m&D mbi ^ajiee 6yn;eM o6o3HaHaTB oTpim,aTejiBHBm HH^eKc HHepuiin ^eiicTByiomero 
b HeKOTopoM rnjiB6epTOBOM npocTpaHCTBe (£ orpaHHueHHoro spMHTOBa onepaTopa D, to ecTB 
TOHHyio BepxHioio rpaHB pa3MepHOCTefi no^npocTpaHCTB DJl C (£, y^oBjieTBopaionirix ycjioBino 

(Be > 0) (Vy G 971) (Dy, ^ -e 
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3. Hepe3 S)o mm ^ajiee 6ya;eM o6o3HauaTB 3aMBiKaHHe jiHHeftHOH oGojiohkh chctcmbi coGcTBeH- 
hbix (pyHKUHft nyuKa T p . Hmciot MecTo cjie^yioiHHe Tpii cpaKTa: 

3.1. OpmodOHaAbHUM donoAHenueM f) Sjq nodnpocmpaHcmea -fj sieAfiemctt MHoafcecmeo 
(fiyHKi^uu y G $), o6paiu ) a , ioiu ) uxcsi e uyAb na nocumeAe supp p C [0, 1] eecoeou (fiyHKyuu p. 

,H,OKa3aTeji£.CTBO. H3 onpe^ejieHHH [T]([T]) h oGmeii Teopun caMoconpasceHHbix onepa- 

TOpOB B rHJIB6epTOBOM npOCTpaHCTB6 CJie^yeT, HTO HCKOMBIM OpTOrOHajIBHBIM ^onojiHeHHeM 
HBJIHeTCa MHOJKeCTBO (pyHKHHH y G f}, yflOBJieTBOpaiOmHX yCJIOBHK) 

1 

(Vz G f}) / P ■ (y*)' cir = 0. 
'0 

,U,aHHoe ycjioBue paBHOCHjiBHO yKa3aHHOMy b cpopMyjinpoBKe ^OKa3BiBaeMoro yTBepjK^eHHH. 

□ 



3.2. IJycmb X — eemecmeeHHoe hucao. Tozda cytpecmeyem nodnpocmpaHcmeo 9Jt C fj P a3 - 
MepHocmu mdJ + T p (X), ydoeAemeopfimipee ycAoeum 

(3e > 0) (Vy G Wl) (J + T p (A)y,y) ^ -e Hj/HJ. 

J\im ^;oKa3aTejibCTBa yTBepac^eHHa 13.21 ^ocTaTOHHo 3aMeTHTB, hto ,n;jia jiio6bix (pyHKHHH 
y G i} H ee opToroHajiBHoft npoeKHHH 2 6 J]o BBinojiHaeTca HepaBeHCTBo 

(J+T p (AKz> < (J + T p (A)y,y). 

3.3. aki6ou u30AupoeaHHOu uiohku £ G supp p cyipecmeyem u eduncmeeHHa (pyHKUufi 
£ £lo? ydoeAemeopfimvuafi paeencmey y^(0 = 1 ^ oBpaipamv^ancfi e nyAb na MHOMcecmee 

suppp\ {£}■ 

/],OKa3aTejiLCTBO. SacpHKCupyeM npoH3BOJiBHyio cpyHKinno / G i}, yflOBjieTBopjnomyio 
paBeHCTBy /(£) = 1 h o6pani,aiomyK)CH b HyjiB Ha MHoacecTBe supp p \ {£}. Ha pojib hckomoh 
(pyHKHHH (p^ MoaceT 6bitb TenepB BBi6paHa opToroHajiBHan npoeKHHH (pyHKHHH / Ha nofl- 
npocTpaHCTBo Sjo |3.1j . fl^Jiz 3aBepnieHHH ^oxasaTejiBCTBa ocTaeTca jihhib 3aMeTHTB, hto jho- 
6aa cpyHKHHH 1/ 6 jjo o^H03HauHo onpe^ejiHeTCH cbohm orpaHHueHHeM Ha mhojkcctbo supp p 

m- □ 



4. BBe^eM b paccMOTpemie ^Ba no^npocTpaHCTBa Sji C j} h f)2 ^ -£)0; onpe^ejiaeMbie cjie^y 
ioiuhm o6pa30M: 

1°. IIo^npocTpaHCTBO Sji o6pa30BaHO BceB03MO)KHBiMH (pyHKUHJiMH y G Sjo, o6pamaK>mH 

MHcsi b HyjiB Ha MHOJKecTBe supp p \ (« m _i, a m ). 
2°. IIo^npocTpaHCTBO $)2 npe^cTaBjiaeT co6oh jiHHeHHyio o6ojiouKy (pyHKHHH ip^ [3.3 

OTBeuaiomHX bc6bo3mo>khbim TOHKaM £ G supp p \ (a m -i, a m ). 



5 



PaccMOTpuM ^Ba jiHHefiHbix nynxa A : C — > B($)x,$)i) H C : C — > B(Sj2,Sj 2 ) orpaHHieHHbix 
onepaTopoB, y^oBjieTBopaioiHHe TOJK^ecTBaM 

i 

(1) (VA e C) (Vy e «i) (A(X)y,y) = J {\y^\ 2 + XP ■ (\y\ 2 )') dx, 

o 

i 

(VA G C) (Vy G S) 2 ) (C(X)y,y) = J {\y^\ 2 + XP ■ (\y\ 2 ) ') dx, 

o 

a Taxace onepaTop B : Sji — > Sj 2 , yflOBjieTBopjuomHft Toac^ecTBy 

i 

(2) (Vy G *h) (Vz G £ 2 ) (By, z) = J y^W) ' dx. 

o 

HMeioT MecTo cjie/iyionpie ^Ba cpaKTa: 

4.1. Cyu^ecmeyem Heompuv ) ameA'bHuu onepamop E : i^i — >• Sjx kohchho2o pama, Bar nomopodo 
ne3aeucuMo om eu6opa 3HaneHUfi A > eunoAHHemcn paeencmeo 

md[A(X) + E}= ind J + T p (a 2 ^- 1 d m A). 



/],OKa3aTejitcTBo. PaccMOTpHM onepaTop S : $) — > $) BH^a 

y((x - a m -i)/a m ) npii x G (a m -i, a r . 
HHane, 



a TaK>Ke onepaTop R : Sji Sj, conocTaBji5nom;HH KajK^ofi (pyHKHHH y G i^i opToroHajibHyio 
npoeKHHio Ha no,n;npocTpaHCTBo f) (pyHKHHH BH^a 

z(x) ^ VC^M^m-i + o m i), 

r,n;e ip £ WTlP) 1] — npoH3BOjn>Ho cpHKcnpoBaHHaa (pyHKHHa, Toac^ecTBeHHo paBHaa 1 Ha HeKo- 
Topofi oKpecTHocTH MHOJKecTBa supp p h o6pam;aK)iHaHCH b Hyjib Ha HeKOTopoft oKpecTHocTH 
MHoacecTBa {0, 1} \ supp p. M.3 yTBepx^eHHa 13.11 h dpaKTa caMono^oGna (pyHKHHH P cjie^yeT, 
hto fljia jhoGoh cpyHKi^HH y G Sji cnpaBe^jiHBbi cjie/jyionpie flBa nojioaceHHH: 

1°. OpToroHajiBHaH npoeKHHH cpyHKHHH SRy Ha no^npocTpaHCTBo Sjq coBna^aeT c cpyHK- 
inien y. 

2°. OyHKH,HH Ry ecTB e^HHCTBeHHbiii sjieMeHT no^npocTpaHCTBa Sjq, opToroHajibHaH npo- 
eKHHH 5*-o6pa3a KOToporo Ha sto JKe no^npocTpaHCTBo coBna^aeT c (pyHKHHeft y. 

CooTBeTCTBeHHo, onepaTop E ^ R*S*SR — 1 sBjiHeTcs HeoTpHH,aTejibHbiM. H3 yTBep>K^eHHH 
13.11 h cpaKTa caMono^;o6HH (pyHKHHH P TaKxce cjie^yeT, hto Ha HMeiomeM KOHenHyio Kopa3- 
MepHOCTb no^npocTpaHCTBe (pyHKHHH y G fix, Toac^ecTBeHHO paBHbix Hyjuo BHe HHTepBajia 
(a m -x,a m ), BbinojiHHeTca paBeHCTBo SRy = y. TeM caMbiM, onepaTop E HMeeT KOHenHbifl 
paHr. 

HaKOHeu,, H3 onpe^ejieHHil [T|([Tj) h ([I]) c yneTOM yTBepac^eHna 13.11 h dpaKTa caMono,no6HH 
(pyHKHHH P xrerKo bbibo^htch cnpaBe^jiHBocTb Toxc^ecTBa 

(Vy G S)x) ([A(X) + E}y,y) = a l ~ 2n ■ {J + T p (a%~ l d m X)Ry,Ry)- 
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06t.e^HHHa 3to Toac^ecTBO c yTBep>K^;eHHeM 13.21 h BbiTeKaiomuM H3 CKa3aHHoro paHee paBeH- 
ctbom imR = S)q, y6e>K^i;aeMC5i b cnpaBe^jiHBOCTH ,noKa3biBaeMoro yTBepjK^eHHH. □ 

4.2. Ilycmb A — eev^ecmeennoe hucao, hc npunadAeotcavnee cnenmpy nyuna C . Tozda eunoji- 
HHemcH paeencmeo 

ind J + T p {\) = md[A(X) - B*C-\\)B]+mdC(\). 



ZloKa3aTejibCTBO. ITphmbim BbiHucjiemieM jierxo ycTaHaBjiHBaeTca, hto ,h,jih jik>6bix 
(pyHKi^HH y G Sji h z G Sj 2 BbinojiHaeTca paBeHCTBO 

(J + T p (X) (y + z),(y+ z)) = ([A (A) - B*C~ l (X)B]y, y) + (C(X)u, u), 

TRe nojio>KeHO u ^ z + C~ l (X)By. OGte^HHaa bto paBeHCTBO c yTBep>K^;eHHeM 13.21 h cootho- 
ineHHeM f)o = S)i + f)2, ySeac^aeMCH b cnpaBe^jiHBOCTH ^,OKa3BiBaeMoro yTBepxc^eHHS. □ 



5. PaccMOTpuM BejiHHHHBi r,n;e = 1, . . . N — 1, HMeiomne bh^ 

{f3 m - + d m /3i npn fc = m - 1, 
/Wl - /?m - ^m^V npH k = 777., 
/Sjfe+i - /A* HHane. 

06o3HaHHM Taxace nepe3 Z± ^Be bgjihhhhbi 

Z±-#{A;G [1,/V-l] :±a>0}. 

HivieioT MecTo cjie/iyionpie ^Ba cpaKTa: 

5.1. JJaji A7o6oso docmamoHHo 6oAbuiodo eev^ecmeennozo hucacl A > eunoAnnemcH paeen- 
cmeo 

indC(A) = Z+. 

CnpaBe^JiHBOCTb yTBepjKfleHHH 15.11 HeMe^JieHHO BBiTexaeT H3 jierxo npoBepaeMoro Toacfle- 

CTBa 

AT-1 

(1) (VA G E) (Vy G fi a ) (C(A)y, y) = \\y\\l - A £ C* ■ ll/K)| 2 - 

fc=i 

5.2. Ilycmb eunoAneno paeencmeo Z + + Z_ = N — l. Todda 3aa ak>6ozo docmamouno 6oAbmo20 
eev^ecmeennozo hucao A > onepamop C(X) AeAnemcfi oepanunenno oBpamuMUM, npuneM npu 
A — >■ +oo cnpaeedAuea acuMnmomuKa 

\\c-\\)\\ = o(x- 1 ). 
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CnpaBe^jiHBocTb yTBepxc^eHiia 15.21 Taxxce npe^cTaBjiaeT coGofl HecjicoKHoe cjie^cTBHe tojk- 
,n,ecTBa ([I]). 

6. HMeioT MecTo cjie^ryioiirHe ^Ba cpaKTa: 

6.1. nycmb <£ — KonennoMepnoe suAb6epmoeo npocmpancmeo, D : l£ — > (£ — neompuyameAt- 
nuu onepamop, a F : (£ — > (£ — spMumoe onepamop. Lfycmb manotce {yUfc}£ =1 w {Afc}5* =1; ade 
noAootceno r f± rank F — cuucku cocnumaHHux c ynemoM Kpamnocmu co6cmeeHHUx 3nanenuu 
nyunoe 1 — AF u I + D — XF, coomeemcmeeHHo. Tosda eunoAnnemcfi nepaeencmeo 

f]h <det(l + L>). 



^OKa3aTejibCTBo. Pa3Jio>KHM npocTpaHCTBo 2 b npHMyio cyMMy kerF ©imF h pac- 
CMOTpuM oTBenaioiiiHe 3TOMy pa3jio>KeHHio GjioHHo-MaTpniHBie npe^cTaBjieHHH 

D 

SaMeTHM, hto cneKTp nynxa 1 — AF coBna^aeT co cneicrpoM nynxa 1 — AF 22 , a cneKTp nynxa 
1 + F — AF coBna^aeT co cneKTpoM nynxa 1 + F 22 — F 21 (1 + F 11 ) _1 F 12 — AF 22 . CooTBeTCTBeHHo, 
HMeioT MecTo paBeHCTBa 





D 12 \ 






\D 21 


D 22 ' 




F22 / 



II/'/.- 



1 



detF 22 ' 



fc=i 

det[l + F 22 - F 21 (l + D ll )- l D l2 ] 



, , detF 22 

k=l 

a noTOMy h paBeHCTBa 

I! - = det[l + F 22 - D 21 (l + = H d ^' + / f\ . 

/"A det(l + D u ) 

OTcio^a h H3 (paKTa HeoTpimaTejiBHocTH onepaTopoB D n Dn HeMe^jieHHo BbiTeKaeT cnpaBe^- 
jihboctb ^,OKa3biBaeMoro yTBepacflemiJi. □ 

6.2. rfycmb (B — cenapa6eAt>noe euAt>6epmoeo npocmpancmeo, D : (£ — » (£ — neompuyameAb- 
nuu onepamop Konennoso pama, a F : (£ — > (£ — enoAne nenpepuenuu 3pMumoe onepamop. 
ITycmu manatee {/i^}^ ti {A^}^ — nocAedoeameAbnocmu 3anyMepoeannux e nopadne 603- 
pacmanuR (c ynemoM Kpamnocmu) noAootcumeAbnux coBcmeennux 3nanenuu nynnoe 1 — AF 
u 1 + D — XF, coomeemcmeenno. Toeda nocAedoeameAbnocmb nacmunnux npou3eedenuu 6ec- 
KoneHHoeo npou3eedenuH 

00 

a) n- 

^k 
k=l ^ k 



tteAttemctt ney6ueaK)Ui ) eu u ozpanuuennou. 
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,H,OKa3aTejibCTBo. 3aMeTHM, hto npn jhoGom A G R BbinojiHHeTca HepaBeHCTBo 
ind[l+-D — A-F] ^ ind[l— XF]. 3aMeTHM Taxace, hto Bee nojic»KHTejibHbie coGcTBeHHbie 3HaneHHH 
ny^KOB 1 — AF h 1 + D — XF HMeioT 0TpHH,aTejibHbiH thii (cm., HanpHMep, [4J, [5J). H3 oGihhx 
Bapnan;HOHHbix npHHirnnoB fljia caMoconpa>KeHHbix onepaTop-cpyHKHHH (cm. TaM ace) noTOMy 
cjie^yeT, hto npn jhoGom k ^ 1 BbinojiHHeTca cooTHomeHHe A& ^ /i^. TeM caMbiM, nocneflo- 
BaTejibHocTb nacTHHHBix npoH3Be^;eHHH 6e cKOHe iHoro npoH3Be^;eHH5i ([1]) siBjiJieTcsi Hey6tiBaio- 
meit 

,H,ajiee, 3acpHKCHpyeM nocjie^oBaTejiBHocTt {Qi}^ hmcioiiihx kohchhbih paHr opTonpoeK- 
TopoB, cxoflHinyiocji b CMbicjie chjibhoh onepaTopHoii TonojiorHH k e^HHHHHOMy onepaTopy h 
yflOBjieTBoparoinyio TOJK^ecTBy Q1DQ1 = D. 06o3HaHHM nepe3 {nk,i}fc=i h {A/t,/}^ nocjieflOBa- 
TejibHocTiol 3aHyMepoBaHHtix b nopa^Ke B03pacTaHH3 (c yneTOM KpaTHocTii) nojio>KHTejibHBix 
co6cTBeHHbix 3HaHeHHH ny^KOB 1 — XQ1FQ1 h 1 + D — XQ1FQ1, cooTBeTCTBeHHo. AHajiorHHHtiM 
o6pa30M, nepe3 {lA-k,i}kLi h {A-jy}^ o6o3HaHHM nocjieflOBaTejibHocTH 3aHyMepoBaHHbix b no- 
paflice y6tiBaHH5i OTpHHaTejiBHtrx co6cTBeHHbix 3HaneHHH Tex JKe nyHKOB. H3 ynoMHHaBHiHxca: 
BBinie Bapnan;HOHHbix npHHiinnoB BbiTeKaeT, hto kojihhcctbo r +i ; nojioJKHTejiBHBix h KOJiHHe- 
ctbo r_ 5 ; oTpHu,aTejibHbix coGcTBeHHbix 3HaHeHHH nynxa 1 — XQ1FQ1 coBna^aioT c TaxoBbiMH 
fljia nynxa 1 + D — XQ1FQ1, npnneM bbihojihhiotch HepaBeHCTBa 

(VA; G [l,r +> /]) A M ^ 

(VA; G [l,r_,j]) A_jfe, { < //_ fc ,j. 

C yneTOM 3Toro oGcTosTejibCTBa cooTHoineHHe 

rf^! x TT^M^ d et(l + J D) (SI] 

03HaHaeT, hto npn jiio6om Bbi6ope HH^exca r ^ r +i ; BbinojiHinoTca: HepaBeHCTBa 

TT — < det(l + D). 
k =i ^ 

IIpH noMomH npe^ejiBHoro nepexo^a oTcipua HeMe,n;jieHHo bbibo^htch cnpaBe^jiHBocTb He 3a- 
bhchihhx ot BbiGopa HH^exca r ^ 1 oueHOK 

ff— <det(l + £>), 

03HaHaK>uiHx orpaHHHeHHocTb nocjie^oBaTejibHocTH nacTHHHbix npoH3Be^;eHHH GecKOHenHoro 
npoH3Be^eHHH ([1]). □ 

§ 4. OcHOBHbie pe3yjn>TaTbi 

1. Hmciot MecTo cjie^yioiirHe Tpn cpaKTa: 

1.1. Ilycmh eunoAHHwmcH coomnomeHUH d m > 0, Z + > u Z + + Z_ = N — 1. Todda cyu^e- 
cmeymm eeut,ecmeeHHue hucao, t\ > 0, sde I = 1, . . . Z +; Komopux nocAedoeameAbHOcmb 



2 ) HacTiiHHbie, to ecra. He npeflnojiaraiomHe onpe,n,ejieHHOCTH cbohx hjichob npn KajKflOM 3HaHeHHH HH^eKca 
k > 1. 
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{Xk}kLi 3aHyMepoeaHHUx e nopfidne 603pacmaHUH (c yuemoM Kparrmocmu) nojiootcumeAbuux 
co6cmeeHHUx 3HaHenuu 3adauu §_J_U\Q, §_J_U\© ydoe/iemeopsiem npu k — > oo acuMnmomu- 



necKOMy coomHomeHum 



A 



1+kZ i 



1 d 



[l + o(l)). 



/JoKa3aTejitcTBo. CorjiacHo yTBepjK^eHHio |§ 3|I5.2[ Hafl^eTca BenjecTBeHHoe hhc- 
jio Ao > 0, ^Jia KOToporo npu jiio6om A > Ao 6yn;eT bbiiiojihsitbcsi HepaBeHCTBO 
||C _1 (A)|| < Ao/(3A). OTcio^a h 113 oneBimHBiM o6pa30M nojiynaMoft Ha ocHOBe onpe^ejieHiia 
|§ 3| |4]([2]) oi^eHKH 1 1 B \ | ^ 1 cjie^yeT, hto npu jiio6om A > Ao 6ynyT BbinojiHaTBca HepaBeHCTBa 

(1) ind[A(A) + A /(3A)] ^ ind[A(A) - B*C~ 1 (X)B] ^ ind[A(A) - A /(3A)]. 

C iicnojiB30BaHH6M H6M6^jieHHo BBiTeKaroinHx H3 onpe^ejieHHa |§ 3| H1([T]) paBeHCTB 

Ao 



A(A±Ao/2) = (l±A /(2A)) 



A(X) T 



2A± An 



H3 oueHOK ([T]) jierKO bbibo^htch oueHKii 

(2) indA(A - A /2) ind[A(A) - B*C~ 1 (X)B] ^ indA(A + A /2). 

06o3HaHHM TenepB nepe3 {nk}kLi nocjie^oBaTejitHocTB 3aHyMepoBaHHBix b nopa^Ke bo3- 
pacTaHHH (c yneTOM KpaTHocTn) nojio>KHTejibHBix co6cTBeHHBix 3HaHeHHfl nynxa A. Mb on,e- 
hok ([2]), yTBepjK^eHHfl |§ 3|I4.2[ |§ 3|I5.1I 11 BapnauHOHHBix npuHuiinoB ^jih caMoconpa>KeHHBix 
onepaTop-cpyHKiriiH (cm., HanpiiMep, [4j, [5j) cjie^yeT BBinojiHeHiie npii Bcex k ^> 1 HepaBeHCTB 

H-k — Ao/2 ^ Afe + z + ^ + Ao/2, 
a noTOMy h aciiMriTOTHHecKoro cooTHonieHHa 

(3) ^ = 1 + 0(A- Z+ ). 

Hk 

C flpyrott cTopoHBi, corjiacHo yTBepjK,neHii3M § 3 I4.1I h [§~3~J6.2[ nocjie^oBaTejiBHocTB nacTHHHBix 
npoH3Be^eHHfl GecKOHeiHoro npoH3Be^,eHHH 

At 

fc=i fc 

aBjiaeTCH MOHOTOHHofi h orpaHHieHHoft. KoMGiiHiipyji 3TOT cpaKT c acHMnTOTHKoft ([3]), ycTa- 
HaBjiHBaeM, hto H63aBnciiMo ot BBi6opa napaMeTpoB / ^ 1 h e > cnpaBe,n;jiHBa aciiMriTOTHKa 

osHaHaiomaa cxcvithmoctb GecKOHenHoro npoH3Be^;eHH5i 

oo , 

M+kZ+ 



n 



J\jik 3aBepnieHHa ^;oKa3aTejibCTBa ocTaeTca TenepB jihihb oGT^e^HHiiTB nocjie^Hiift cpaKT c y>Ke 
ynoM3HyTBiM paHee (paKTOM mohotohhocth h orpaHimeHHOCTii nocjie^oBaTejiBHOcra nacTHH- 
hbix npoH3Be^;eHHH 6ecKOHenHoro npoH3Be^eHH5i (J4j). □ 
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I 


k 




A*W54 fe 


1 





2,86 


■ 10 2 


±1% 


286,10 ± 10" 


-2 


2 





1,38 


■ 10 3 


±1% 


1377,99 ± 10" 


-2 


1 


1 


1,48 


• 10 4 


± 1% 


273,71 ± 10" 


-2 


2 


1 


6,83 


■ 10 4 


±1% 


1265,31 ± 10- 


-2 


1 


2 


7,91 


■ 10 5 


±1% 


271,33 ± 10- 


-2 


2 


2 


3,69 


■ 10 6 


±1% 


1264,04 ± 10- 


-2 


1 


3 


4,27 


■10 7 


±1% 


271,32 ± 10- 


-2 


2 


3 


1,99 


• 10 s 


±1% 


1264,04 ± 10- 


-2 



Tabjihij,A 1. OijeHKH nepBbix co6cTBeHHt>ix 3HaHeHHH fljia cjiynaa n = 2, N = 3, 
ai = a 2 = «3 = 1/3, m = 3, c? 3 = 1/2, /3 X = 0, f3 2 = 2/3, /3 3 = 1. 



1.2. IJycmb eunoAHHmmcH coomnomenun d m > 0, Z_ > u Z + + Z_ = iV — 1. Tozda cyu^e- 
cmeymm eeu^ecmeennwe nucAa t\ > 0, zdc I = 1, . . . Z_, oVi,« Komopux nocAedoeameAbnocmb 
{A-fc}^ 3anyMepoeannux e nopfidne y6ueanusi (c yuemoM npamnocmu) ompuyameAvnux 
co6cmeeHHUx 3nanenuu 3adauu § 1[H([I]), § -ZQl© ydoeAemeopaem npu k — > oo acuMnmomu- 
HecnoMy coomnouienuw 



(Z+fcZ_) 



(1 + 0(1)). 



,HpKa3aTeji£.CTBO yTBepac^eHHH 11.21 npoBO^HTca aimjiorHHHBiM ^OKa3aTejiBCTBy yTBepjK^e- 
hh2 11.11 cnoco6oM. 

1.3. Ilycmb eunoAHHwmcR coomnouienuH d m < u Z + + Z_ = — 1. Tozda cyu^ecmey- 
wm eeu^ecmeennue hucacl t\ > 0, sde I = 1,...N — 1, Bar nomopux nocAedoeameAbnocmb 
{Xk}kLi 3anyMepoeaHHUx e nopfidne eo3pacmanuH (c yuemoM Kpamnocmu) noAOOfcumeAbnux 



co6cmeeHHUx 3ncmenuu 3adauu § i[H([I]), § -^tH© ydoeAcmeopsicm npu k — > oo acuunmomu- 
HCCKOMy coomnouienuw 

Xi +k (N-i) = n ■ (a 2 r r l \d m \)- 2k • (1 + o(l)), 

a nocAedoeameAhnocmh {X-k}kLi 3anyMepoeannux e nopfidne y6ueanufi (c yuemoM Kpamno- 
cmu) ompuyameAbnux co6cmeennux 3nanenuu 3adauu § iCZICQ), § -^CH© ydoeAcmeopsicm npu 
k — > oo acuMnmomunecKOMy coomnouienwo 



(l+Z-+k(N-l)) 



-n ■ la 



2n-l 



|dm|) 



-2fc-l 



;i + o(i)). 



^0Ka3aTejiBCTB0 yTBepjK^eHHH 11.31 TaKJKe npoBo^HTca aHajiornHHBiM ,noKa3aTejiBCTBy 
yTBepac^eHHa 11.11 ciioco6om. 



5. IIpHMept.1 h o6cy>KfleHHe 



1 . B Ta6jiHn;e [T] npe^cTaBjieHBi pe3yjiBTaTBi iiicjieHHBix pacneTOB rjik nepBBix bocbmh iiojiojkh- 
t6jibhbix co6cTBeHHBix 3HaHeHHii sa^a^m neTBepToro nopa^Ka, BecoBoii (pymajnefi: b KOTopofi 
BBicTynaeT o6o6m;eHHaa: npoH3Bo^Haa KBa^paTHHHo cyMMnpyeMoft (pyHKi^nii c napaivreTpaMH 
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/ 


k 




^-(i+fc) 


-A_ (/+fc) /54 fc 


1 





3,70 


■ 10 2 ± 1% 


369,75 ± 10" 2 


1 


1 


8,51 


■ 10 3 ± 1% 


157,53 ± 10- 2 


1 


2 


4,58 


• 10 5 ± 1% 


157,20 ± 10~ 2 


1 


3 


2,48 


• 10 7 ± 1% 


157,20 ± 10~ 2 



Tabjihua 2. Ohchkh nepBbix coGcTBeHHbix 3HaneHHH fljia cnynaH n = 2, N = 3, 
a 1 = a 2 = a 3 = 1/3, m = 3, d 3 = 1/2, ft = ft = 0, ft = -1- 



/ 


fc 


Az+2fc 


A; +2fc /54 2fe 


-A 


-(i+i 


f2fc) 


-X-(l+l+2k)/^ 2k+L 


1 





3,04 


■ 10' 2 


± 1% 


304,08 ± 10' 


-2 


1,61 


■ 10 4 


±1% 


299,04 ± 10" 2 


2 





1,38 


•10 4 


± 1% 


13820,11 ± 10" 


-2 


7,43 


• 10 5 


±1% 


13764,22 ± 10- 2 


1 


1 


8,72 


• 10 5 


± 1% 


299,00 ± 10" 


-2 


4,71 


•10 7 


± 1% 


299,00 ± 10~ 2 


2 


1 


4,01 


•10 7 


± 1% 


13764,02 ± 10" 


-2 


2,17 


•10 9 


±1% 


13764,02 ± 10" 2 


1 


2 


2,54 


•10 9 


± 1% 


299,00 ± 10' 


-2 


1,37- 


10 11 


±1% 


299,00 ± 10~ 2 


2 


2 


1,17- 


10 11 


± 1% 


13764,02 ± 10" 


-2 


6,32- 


10 12 


±1% 


13764,02 ± 10- 2 



Tabjihua 3. OneHKH nepBbix coGcTBeHHbix 3HaneHHH rjis cjiynaa n = 2, N = 3, 
a 1 = a 2 = a 3 = 1/3, m = 3, d 3 = -1/2, ft = f3 3 = 0, ft = -1. 



caMono^oGna N = 3, ax = a 2 = a 3 = 1/3, m = 3, d 3 = 1/2, ft = 0, ft = 2/3, ft = 1. B 
3tom cjiynae BbinojiHHioTca paBeHCTBa Ci = 2/3, ( 2 = 1/3, Z + = 2, Z_ = 0. ,H,aHHbie TaGjinnbi 
njunocTpnpyioT yTBepjK^eHHe § 4 11.11 



B Ta6jiiin;e[2]npe,n;cTaBjieHbi ^aHHbie nncjieHHbix pacneTOB nepBbix neTbipex oTpnn,aTejibHbix 
co6cTBeHHtix 3HaneHHH sa^ann neTBepToro nopa^Ka, BecoBoii cpyHKnnen b KOTopon BbicTynaeT 
o6o6m;eHHa5i npoH3Bo^Ha5i KBa^rpaTnnHo cyMMnpyeMoii (pyHKirnn c napaMeTpaMH caMono^oGna 
N = 3, ai = a 2 = a 3 = 1/3, m = 3, d 3 = 1/2, ft = ft = 0, ft = —1. B 3tom crrynae 
BBinojiHaioTCH paBeHCTBa d = —1, £2 = 1, Z + = Z_ = 1. ,H,aHHbie Ta6jinnbi HjijiiocTpHpyioT 
"4|0 



yTBepjK^eHHe 

B Ta6jiim,e[2]npe,ii;cTaBjieHbi ,n;aHHbie HHCjieHHbix pacneTOB nepBbix inecTH nojio>KHTejibHbix h 
ceMH 0TpHu,aTejibHbix (HCKjnonaH nepBoe) coGcTBeHHbix 3HaneHHH sa^ann neTBepToro nopa^Ka, 
BecoBofi cpyHKnnen b KOTopon BbicTynaeT o6o6ineHHas: npoH3Bo,HHaH KBa^rpaTHHHo cyMMnpye- 
moh cpyHKiniH c napaMeTpaMH caMoncfloGnn N = 3, a\ = a 2 = a 3 = 1/3, m = 3, d 3 = —1/2, 
ft — ft = 0, ft = — 1. B 3tom cnynae BbinojmaioTCH paBeHCTBa Ci — — 1; C2 = 1> = Z_ = 1. 
/laHHbie Ta6jinnbi njunocTpnpyioT yTBepac^eHHe |§ 4|I1.3I 



JXjis nojiyneHnn BbiinenpHBe^eHHoro njijnocTpaTHBHoro MaTepnajia HaMH Gbijia npuMe- 

HeHa — B He3HaHHTejIbHbIM 06pa30M MO^THCpHHHpOBaHHOM BHfle — BblHHCJIHTejIbHaH MeTCflHKa, 

onncaHHaa b pa6oTe [6j. 

2. HeKOTopbie H3 paccyac^eHHii, npoBe^eHHbix HaMH b npe^bi^yiHirx naparpacpax, He hbjihiotch 
npneMjieMbiMH c tohkh 3peHHH KOHCTpyKTHBHoro HanpaBjieHHH b MaTeMaTHKe [7], [8j. 3to ot- 

HOCHTCH, B HaCTHOCTH, K XapaKTepy yCTaHOBJieHHH yTBepjK^eHHH H3 nyHKTa [§ 3][3], CBH3aHHOMy 
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c npHBjieneHHeM TeopeMM 06 opToroHajibHOM npoeKTHpoBaHHH b rnjibGepTOBOM npocTpaHCTBe. 
HecKojibKo 6ojiee rpoM03^Koe paccyayieHHe (Ha fleTajiHx KOToporo mm 3,oecb He ocTaHaBjin- 
BaeMca) no3BOJiHjio 6bi H36e:acaTb onopbi Ha cjie^cTBHH stoh TeopeMM, He Menus cyinecTBa 



flejia. O^HaKo HcnojiB30BaHHe b xo,n;e ,apKa3aTejibCTB yTBepacflemift H3 §_4 TeopeMM BojibiiaHo- 
BefiepHiTpacca o cxo^hmocth mohotohhoh orpaHHHeHHofi nocjie^oBaTejibHocTH BemecTBeHHbix 
HHceji HBjiHeTca b paMKax npHMeHeHHoro HaMH no^xo^a, no-BH^HMOMy, HeycTpaHHMMM . Coot- 

BeTCTBeHHO, K03(p(pHHHeHTM T\ nOJiyHeHHMX aCHMnTOTHK OKa3MBaiOTC5I C TOHKH 3peHH2 KOH- 

CTpyKTHBHoro MaTeMaTHHecKoro aHajiH3a Tax Ha3MBaeMMMH nceedoHucjiaMw^l. ,U,aHHoe 06- 
CTosTejibCTBo KopeHHMM o6pa30M oTjiHHaeT peayjibTaTM HacToameft CTaTbH ot pe3yjibTaTOB 
pa6oTM pp, ryie cooTBeTCTByioirrHe KoscpcpHiiHeHTM 3aBe^;oMo hbjihjihcb KOHcmpyKmuenuMU 
eeuificmetHHUMU HucAaMU 4 % b cjiynae 3a,naHH UlTypMa-JlHyBHjuia onepaTop E H3 yTBep>Kfle- 
HHg |§ 3|l4.1| gBjigeTcg HyjieBMM, hto no3Boji5ieT nojiHocTbio H36eacaTb anejuiHUHH k yTBepjK^e- 
hhh) |§ 3|I6.2I Bonpoc o bo3mo>khocth ^ajibHeflHiero yTOHHeHHa KOHCTpyKTHBHoro xapaKTepa 
nojiyHeHHbix acHMnTOTHK mm ocTaBjiaeM otkpmtmm. 
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3 ) /Lth KOToptix sepcpeKTHBHbiii MeTOfl nocTpoeroiH ckojib yroflHO tohhbix painroHajitHtix npn6jimKeHHH jih6o 
Hen3BecTeH, jih6o npsMO HeB03MCOKeH. 

4 -* ^onycKaioinHMH BtiHiicneHiie CKOJib yroflno tohhbix painTOHajibHbix npii6jimKeHHH nocpe,n,CTBOM eflimoro 
ajiropucpMa. 



